Expressions for the ion perpendicular viscosity as well as for the electron and ion parallel viscosities, gyroviscosities, and heat fluxes are derived for arbitrary meanfree path plasmas, in which the lowest order distribution function is a Maxwellian, by assuming the gyroradius is small compared to the shortest perpendicular scale length.
I. INTRODUCTION
Expressions for the heat fluxes and viscosities are normally obtained by evaluating appropriate moments of species distribution functions to the required order in the gyroradius expansion.
1-4
To date, this has been done analytically only for short mean-free path plasmas. The better known closures were obtained by Braginskii for plasmas with subsonic or diamagnetic drift flows. By assuming sonic plasma flows for all components, the early investigations 5, 6 missed the important physical effect of the dependence of viscosity on heat fluxes (or temperature gradients). The later series of studies 7 took these effects into account (for ions, but not for electrons), but made unjustifiable assumptions in the derivation and thereby obtained incorrect expressions for the ion parallel and perpendicular viscosities, 8 and missed collisional contributions to gyroviscosity. Our recent work 8, 9 corrects the ion treatment of Mikhailovskii and Tsypin and also derives the expressions for the electrons, to obtain the first self-consistent collisional two-fluid description for magnetized plasmas in the diamagnetic drift ordering.
In the work presented here we use the drift kinetic formalism of Hazeltine 10 as recently extended and generalized by Simakov and Catto, 11 to obtain expressions for the ion perpendicular viscosity as well as for the ion and electron parallel viscosities, gyroviscosities, and heat fluxes for arbitrary mean-free path plasmas. The ion gyroviscosity is evaluated to the same order as the (smaller) ion perpendicular viscosity.
Electron perpendicular viscosity is small and usually of no interest. All the results are obtained in terms of few velocity moments of the gyrophase independent correction to the lowest order distribution function, which is assumed to be a Maxwellian. Higher order moments of the Fokker-Planck equation are employed to obtain the viscosities and heat fluxes in forms that require the minimum information about the distribution function.
Somewhat more general lowest significant order expressions for gyroviscosities have been obtained by us in Ref. 11 using a different approach. In this earlier treatment, we did the calculation for an arbitrary distribution function that is isotropic in the velocity space (i.e., independent of magnetic moment and gyrophase) to lowest order. Such lowest significant order expressions for gyroviscosities were obtained even more generally by Ramos for a collisionless plasma using a fluid approach. 12 Ramos' results do not assume velocity space isotropy of lowest order distribution functions.
To the best of our knowledge, the full ion perpendicular viscosity with heat flow effects retained, as well as the gyroviscosity with higher order collisional heat flux corrections retained, have only been correctly evaluated in the short mean-free path limit, 8, 9 and are unavailable for other regimes of plasma collisionality.
The ion perpendicular viscosity (as well as the higher order corrections to the ion gyroviscosity) is required to evaluate, among other things, the neoclassical and classical radial electric field in plasma confinement devices, in general, and in tokamaks, in particular. 9, 13 To obtain this perpendicular viscosity in terms of species densities, flow velocities, and pressures or temperatures from the expressions derived herein, only the leading (first) order gyrophase independent correction to the Maxwellian is required. To evaluate the ion perpendicular viscosity by a direct integration of the distribution function we would need to solve for the ion distribution function to an order much higher than the first order. Indeed, we would require the ion collision frequency over ion gyrofrequency correction to the second order in gyroradius correction to the Maxwellian. Therefore, our formalism for the ion perpendicular viscosity presents a clear advantage over a purely kinetic evaluation. To obtain the lowest order gyroviscosity only the leading gyrophase independent correction to the Maxwellian is required. However, to obtain the ion gyroviscosity through the same order as the ion perpendicular viscosity, the gyrophase independent portion of the distribution function that is formally second order in the gyroradius expansion is needed. This paper is organized as follows. In Sec. II we summarize our orderings and discuss our basic kinetic model. The various contribution to the viscosity are reviewed briefly in Sec. III. The gyroviscosity and perpendicular viscosity are evaluated in Secs. IV and V, respectively. We evaluate electron and ion heat fluxes in Sec. VI.
The collisional results are recovered in Sec. VII, and a brief discussion follows in Sec. VIII.
II. ORDERINGS, ASSUMPTIONS, AND NOTATION
We consider a magnetized quasineutral electron-ion plasma and assume that the ion gyroradius ρ is small compared to both the characteristic perpendicular (to the magnetic field) equilibrium length scale L ⊥ and perturbation wavelength; that is,
where k ⊥ is the perpendicular wave vector. The k ⊥ ρ 1 assumption allows us to use a drift kinetic formalism instead of gyrokinetics. We allow the plasma mean-free path to be arbitrary except in Sec. VII, where we use the general formalism to recover the collisional ion results.
To obtain expressions for the ion gyroviscosity and perpendicular viscosity, we need an expression for the gyrophase dependent piece of the ion distribution function, f , which is exact through order δ 
Here,f
where
This expression contains the first and some second order contributions and was obtained in the seminal work of Hazeltine.
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The term
is of order δ 2 and was evaluated by Simakov and Catto.
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Finally, the order δ
with C = C ii + C ie the ion collision operator and C ii the linearized ion-ion collision operator.
In Eqs. 
Expression (5) forf
was derived in Ref. 11 by using the more restrictive orderings, which we adopt herein:
and by also assuming that the lowest order ion distribution function f 0 is isotropic in the velocity space, i.e., it does not depend on the gyrophase and magnetic moment.
Expression (7) forf C was also obtained for an f 0 isotropic in velocity space. An expression for the gyrophase dependent portion of the electron distribution function, which is similar to that given by Eq. (2), can be derived if assumptions similar to those given by Eqs. (8) and (9) are made for electrons.
Evaluation off
, species viscosities, and heat fluxes can be carried out without using the isotropy assumption for f 0 . However, such a calculation is beyond the scope of the present treatment. Moreover, the evaluation of species viscosities and classical collisional perpendicular heat fluxes is greatly simplified for f 0 a Maxwellian,
where n is the plasma density and T is the ion temperature (a similar expression should be used for the lowest order electron distribution function). For example, n and T can be viewed as being advanced by the number and energy moments of the kinetic equation being solved.
In this work we use assumption (10) 
III. PARALLEL VISCOSITY AND FORMS FOR GYRO-VISCOSITY AND PERPENDICULAR VISCOSITY
We begin our evaluation of the ion viscosity by considering the full ion kinetic equation,
We use the full Landau form for the ion-ion Fokker-Planck collision operator C ii (f ),
) the characteristic ion collision frequency
5
(Λ is the Coulomb logarithm); f is obtained from f by substituting v for v, and g ≡ |v − v |. We also employ the following approximate form for the ion-electron Fokker-Planck collision operator C ie (f ):
Expression (13) is obtained by performing a mass ratio expansion of the full Landau form for C ie . Here, V is the ion flow velocity, m and T e are the electron mass and temperature, respectively, and ν e = (4 √ 2π/3)(Λe
e ) is the characteristic electron-ion collision frequency.
The electron-ion friction force is defined as F ≡ Forming the M vv moment of Eq. (11) and defining the ion viscous stress tensor,
, with p the ion pressure and
the unit dyad, we obtain the exact equation
−Ω( 
where the parallel viscosity
that cannot be determined from Eq. (14). To leading order, it follows from the definition of ↔ π and from the orderings employed requiringf ∼ δf f that
where 
Finally, the perpendicular viscosity
are small compared to ↔ K ⊥ and so can be dropped as well.
IV. GYROVISCOSITY
To evaluate the ion gyroviscosity we have to evaluate
we must require ν/Ω ∼ δ, where λ is a particle mean-free path and L is a characteristic parallel (to the magnetic field) length scale.
The leading order perpendicular viscosity is ν/Ω times smaller than the leading order gyroviscosity (i.e., of order δ 3 ), so to be consistent we have to evaluate the gyroviscosity to order δ
3
. Doing so requires knowing
Observing that
where δ ij is the Kronecker delta denoting the unit dyad ↔ I , and introducing
we obtain
Consequently,
The contribution fromf is evaluated in Appendix A:
Here,
and
Using results (16) for the ion gyroviscous stress tensor, which is exact through δ
All quantities in this expression should be evaluated to an accuracy which ensures an 
In these expressions, to the requisite order V ,
are the lowest order parallel and perpendicular ion flow velocities, and heat flow, respectively. To obtain expression (30) we also used the fact that to the order required
The ion gyroviscous stress tensor given by Eqs. 
contribute. In addition, it does not contain any terms proportional to (bb− ↔ I /3).
As a result, to second order in the δ expansionf does not contribute to the parallel viscosity. Therefore, we conclude that expression (16) for 
V. ION PERPENDICULAR VISCOSITY
The ion perpendicular viscosity is given by the combination of Eqs. (19) and (20). To evaluate it we need to know the leading order non-vanishing result for
and also that any terms in π ⊥ , we conclude that to obtain the leading order non-trivial result we only need
Here, C ii (f ) is the linearized (about a Maxwellian) form of the ion-ion collision operator,
where f and f M are obtained from f and f M , respectively, by substituting v for v, 
A. LINEARIZED CONTRIBUTION C ii
First, we evaluate the contribution from the linearized collision operator
with
) the error function, and E (x) ≡ dE(x)/dx. Substitutingf from Eq. (2) forf 1 +f 2 , taking into account
where ↔ D is defined in Eq. (28), and using Eqs. (21), (A2), and (A8) we obtain
In this expression,
and we neglected the small term
To simplify Eq. (41) we notice that
where we define the following integrals:
Also, we evaluate terms involving
with V ⊥ and q ⊥ given by Eq. (32). As a result, we obtain
B. BILINEAR CONTRIBUTION C n ii
To evaluate the contribution from the nonlinear piece of the ion-ion collision operator,
we use expression (12) for C
) is a generalized Laguerre polynomial and V ⊥ and q ⊥ are given by Eq. (32), and employing the result in the definition of G, we obtain
are the Rosenbluth potentials for a Maxwellian.
14 Then, the relevant piece of
where for an arbitrary function L(v) and vector d
Substituting expression (51) forf 1 into Eq. (55), averaging over angles in velocity space by using Eq. (A2), noting that for an arbitrary function L(v)
and continuing to drop terms proportional to
Evaluating the integrals (by using, for example, MATHEMATICA) we arrive at
Observing that v ϕ = v b and using Eq. (21), we obtain in a similar way (again
Consequently, continuing to use the definitions for V ⊥ and q ⊥ given by Eq. (32) results in
and we obtain
The general expression for the ion perpendicular viscosity
fore given by the sum of Eqs. (48) and (63) 
VI. HEAT FLUXES
In this section, we give expressions for plasma heat fluxes. We define the ion heat flux as
and the electron heat flux in a similar way. We consider ions first and treat electrons next.
Recalling the definitions of q 1 and q 2 given by Eq. (22) we see that the parallel heat flux is
To evaluate the perpendicular component of the ion heat flux it is convenient to employ the M v 
where we ignored time derivative terms as being of higher order and used the ap-
π , which is exact to the order required. Employing the momentum conservation equation to the same order to remove the V ×b term yields
Crossing byb, we finally obtain
Following the same procedure for electrons we find that expression (65) 
Here, C ee and C ei are linearized electron-electron and electron-ion collision operators, respectively. The former is given by the electron analog of Eq. (35) with
. The latter is given to the required order by the expression
is the Lorentz operator and f M e is the electron analog of the ion Maxwellian distribution function (10) .
By analogy with the ion Eq. (71), electron-electron collisions result in a −( √ 2p e ν e /mΩ 2 e )∇ ⊥ T e contribution to the classical perpendicular electron heat flux; the √ 2 difference arising purely from the difference in definitions of ν and ν e . The contribution from the Lorentz collision operator can be easily evaluated by taking into account its self-adjointness, noticing that
employingf 1e (sincef 1e does not contribute to q e⊥ ), which is given by Eq. (51) with ion quantities replaced by electron ones, and performing the velocity-space integration. As a result, we obtain
where V e is the electron flow velocity. Finally, the (2γ e mn/T e v 3 )v · V f M e piece of the electron-ion collision operator results in the −(3p e ν e /2Ω e )b × V contribution to q e⊥ . Putting everything together, we obtain
VII. RECOVERING COLLISIONAL LIMIT
The general ion expressions for short mean-free path result forf coll as is given in the Appendix B. Then, we obtain through second order in δ
with q = −(125p/32M ν)b · ∇T and V the second order accurate parallel ion flow velocity. Moreover, through first order in δ
Then, through second order in δ we obtain
where V ⊥ and q ⊥ are given by Eq. (32). Using Eq. (29) we then find that
is the standard Mikhailovskii-Tsypin which is accurate through second order in δ. Consequently, Eqs. (82) and (83) can be rewritten in more compact forms, accurate through third order in δ,
where n, p, V , and q are the total plasma density, ion pressure, flow velocity, and heat flux.
Similarly, to the requisite order we find
q , q 7 = 3 4 pV + 77 300 q ,
When the diagonal terms in Eq. (85) The remaining terms in Eq. (84) are
+Transpose. 
Noticing that ∆ 
using Eqs. (21), (33), (38), and (A2), and evaluating velocity space integrals we find
This result should coincide to the order required with the result for ∆ 
where the q contribution may be neglected since it results in the q pieces of the second term that are small by (ν/Ω) ∼ δ 1 as compared to the q piece of the first 
where f 1w is given by Eq. (B3), ∆f 1 is given by the first term on the right-hand side of Eq. (B5), and ∆G ≡ d 
VIII. DISCUSSION
In the preceding sections, expressions for the ion and electron parallel viscosities and gyroviscosities, the ion perpendicular viscosity, and electron and ion parallel and and the conservation of number, momentum, and energy equations for each species.
we find for an arbitrary velocity space isotropic f 0 (so that the portion of we first notice that for f 0 = f M , Eqs. (7) and (68) givef
We then employ Eq. (A2) and 
